We discuss a new nine-point fourth-order and five-point second-order accurate finite-difference scheme for the numerical solution of two-space dimensional convection-diffusion problems. The compact operators are defined on a quasi-variable mesh network with the same order and accuracy as obtained by the central difference and averaging operators on uniform meshes. Subsequently, a high-order difference scheme is developed to get the numerical accuracy of order four on quasi-variable meshes as well as on uniform meshes. The error analysis of the fourth-order compact scheme is described in detail by means of matrix analysis. Some examples related with convection-diffusion equations are provided to present performance and robustness of the proposed scheme.
Introduction
The two-dimensional elliptic equations The second-order partial derivatives in the mathematical model (.) describe the diffusion process, while the first-order partial derivatives are associated with the convection phenomenon. When ε → , convection dominates the diffusion process, and the solution values of (.)-(.) exhibit boundary layer behavior, that is, solution changes rapidly in a small region, while outside the small region solution behavior is smooth. In two dimensions, the boundary layer may occur at x =  and x = , known as normal layer, and/or at y =  and y = , known as parallel layer, while the one-dimensional convection-diffusion problems exhibit only normal boundary layer [] . Such type of a differential equation is said to be singularly perturbed. The solution of singular perturbation problems approaches a discontinuous limit as a small positive quantity (ε), known as perturbation parameter, approaches zero. Thus, the analysis and numerical solution of singular perturbation problems are significant.
The convection-diffusion problems occur in the area of fluid dynamics and several branches of applied mathematics. In the convection-diffusion process, transport phenomena prevail diffusion, whose effects are restricted to a small part of the domain and solution values exhibit multiple characters for small values of diffusion parameter. Thus, a second-order discretization of the Laplace operator may not ensure the consistency and stability of the numerical scheme [] . The numerical schemes developed by the application of an upwind scheme and a central difference operator result in an unstable solution and are deficient in computational order. Any attempt to obtain solution values up to the desired accuracies may land up in massive computing time despite a well-structured block-tridiagonal matrix of the difference equations received by the application of an upwind scheme and central differences. Thus, acquiring improved finite-difference methods for convection-diffusion problems has a significant impact on numerical approximations of ordinary and partial differential equations [-]. The compact scheme amongst the various finite-difference replacements of convection-diffusion problems (.)-(.) has received more attention due to a minimal width of stencils in the x-and y-coordinate directions and easy computations. In contrast, high-order difference schemes formulated with non-compact stencils yield a higher bandwidth of the iteration matrix, and this involves large arithmetic operations. Numerical simulations with high-order compact difference schemes depict more accurate solution values on quasi-variable meshes as compared to some high-order compact scheme on a uniform mesh network. This happens because a truncation error in a finite-difference approximation depends upon the derivative of the variable as well as mesh spacing. Therefore, to attain uniformly distributed truncation errors, it is essential to employ non-uniform meshes, i.e., finer meshes in the region for largely deviated derivatives and coarse meshes for a smooth function. In this manner, the error disperses almost uniformly over the domain of integration and renders an accurate solution to a greater extent. Thus, high-order finite-difference discretization formulated on a quasi-variable mesh network leads to more precise numerical solutions and brings unconditional numerical stability [] .
Mishra and Sanyasiraju [] presented an exponential compact scheme of high-order accuracy for convection-dominated equations. Mohanty and Setia [] described fourthorder discretization of two-space dimensional elliptic equations by means of off-step uniformly spaced meshes. Some fourth-order finite-difference discretizations of two-space dimensional linear and non-linear elliptic problems can be found in [-] and references therein. Ghaffar [] obtained a high accuracy compact scheme using non-uniform meshes for the Helmholtz equation and solved the difference equations with the help of the multigrid method. Jha [, ] developed a third-order exponential expanding mesh compact scheme for mildly non-linear elliptic equations. The Galerkin and PetrovGalerkin finite element method for determining the approximate solution values to the two-dimensional convection-diffusion problems were discussed by Hegarty [] . A ninepoint tailored finite point method for solving convection-diffusion-reaction equation was developed by Shih et al. [] . In the context of one dimension, the finite-difference replacement of a convection-diffusion equation was extensively discussed in [, ], and non-uniform mesh compact finite-difference operators for first-and second-order ordinary derivatives associated with the Numerov fourth-order method were obtained in [, ]. Finite-difference methods for convection-diffusion problems showing exponential or parabolic boundary layer behavior were described in detail by Roos et al. [] .
The work presented in this article is organized in the following manner. In Section , we describe two-dimensional quasi-variable meshes to deal with parallel and normal layer by means of mesh parameters in the x-and y-directions. Section  discusses compact operators and high-order approximations of first-and second-order derivatives on minimum stencils. A new compact scheme of fourth-order accuracy using quasi-variable meshes has been obtained. The suggested scheme is analyzed for the convergence and the bounds of the discretization error are obtained in Section . Numerical simulations with some convection-diffusion problems that exhibit normal and/or parallel layers are carried out in Section . The paper is concluded at last with remarks and further scope. 
In a similar manner, we can prove that the mesh step-size is decreasing when α < . Therefore, the mesh-step sequences {h l } 
Since the mesh-step sequence is monotonic, it is possible to define a one-one onto map ψ : P − → P such that ψ(p l ) = x l , l = ()L + , and the Jacobian J(p) = dψ(p)/dp is bounded above and below by some positive constants as
Therefore,
That is,
This implies
Thus, the maximum step-size along the x-direction diminishes with the growth of mesh points. Likewise, the maximum step-size along the y-direction approaches to zero if M is very large. Thus, we observed that the mesh step-size is inversely proportional to the number of mesh points.
Sundqvist and Veronis [] initially discussed such a mesh network in the context of wind-driven ocean circulation, and later the application to digital electrochemistry was described by Britz [] . Some compact operators related to a quasi-variable mesh were mentioned in the literature [, ].
Finite-difference schemes and compact operators
The operators used to obtain first-and second-order partial derivatives with a minimum stencil width are known as compact. The high-order finite-difference replacement of equation (.) requires discretization of partial derivatives, and thus we consider the following approximations:
where δ = , ±, and for τ ∈ {h l , k m }, γ ∈ {α, β},
Now, we define the following operators:
These operators are commutative and derived with a minimum number of stencils essential to discretize the highest-order partial derivatives present in the convectiondominated equation (.). In particular, if the meshes are uniformly spaced, that is, h =
where μ x and δ x are averaging and central differencing operators in the x-direction [] .
By means of operators (.)-(.) it is easy to approximate partial-and mixed-order derivatives of an analytic function G(x, y) at the mesh point (x l , y m ) in the following manner:
An immediate application of these operators to equation (.) yields a five-point secondorder accurate discretization scheme. Such kind of a second-order method on a variable mesh network is known as supra-convergent scheme [] . Now, we describe a new fourth-order scheme for linear Poisson's equation and then extend it to the elliptic equation (.), which involves convection terms U x = ∂U/∂x and 
By means of a linear combination of functional values
where
is a discrete form of the Laplace operator
and T l,m is the local truncation error calculated as
The eighth-order of local truncation error obtained here is irrespective of mesh parameters α, β being chosen zero or non-zero. Since the operator L in equation (.) is multiplied by h Our main aim is to extend the fourth-order method (.) to the convection-dominated equation (.) that comprises first-order partial derivatives in the x-and y-directions along with the function U(x, y).
Let us consider
where α i , β i , i = () are unknown parameters to be measured in such a way that
By making use of (.), (.)-(.) and (.), the algebraic calculations give us
As a result, we obtain a single compact discretization scheme
that numerically approximates equation (.) with fourth-order accuracy on a quasivariable mesh network as well as on a uniform mesh network. The discretization (.) yields a non-symmetric matrix after incorporating the boundary values (.)-(.) as
The lexicographical ordering of the unknown values U l,m in equation (.) gives rise to a block tri-diagonal linear system of equations and can be easily computed by means of the Gauss-Seidel iterative formula. For the programming, we must neglect the truncation error T l,m from equation (.) and replace the exact value U l,m = U(x l , y m ) by its approximate value u l,m .
Convergence analysis and error bounds
In this section, we discuss the upper bounds of discretization errors and derive the necessary convergence conditions for scheme (.). The compact scheme (.) determines the exact solution values U = [U l,m ], and in terms of the mesh-ratio parameter ζ l,m = k m /h l , it can be expressed as
Our aim is to compute approximate solution vector u = [u l,m ] that satisfies
where By subtracting (.) from (.), the discretization error satisfies the relation
where E ρ,σ = F ρ,σ -f ρ,σ , (ρ, σ ) ∈ D and to be explicit Representing the system of linear equations (.) in a matrix-vector form, one obtains
l=()L,m=()M is the sixth-order error vector and M = [M i,j ] i,j=()LM = [R S R]
is the block tri-diagonal coefficient matrix and, in particular, when max l h l → , that is, for a sufficiently small value of mesh spacing, we find
and
as tri-diagonal matrices.
Theorem . The block tri-diagonal matrix M is irreducible provided the mesh-ratio parameter
Proof It is evident that the matrix M has positive diagonal values since ζ i,j is positive for all i and j. Further, M has non-positive off-diagonal values provided / √  < ζ i,j < √ . Now, if we label LM distinct points in the xy-plane as , , . . . , LM and draw an arrow from i to j such that M i,j = , then, for any two distinct points i and j, there exists a directed path that joins the ordered pair of nodes i and j. Therefore, the graph G(M) of the matrix M is connected, and hence M is an irreducible matrix [, ] . This completes the proof. For a sufficiently small value of mesh step-sizes and c(x, y) ≥ , the block tri-diagonal matrix M is monotone. , and ϑ j , (j = , . . . , LM) denote the jth row element sum of the matrix M. Since c(x, y) ≥ , therefore c = min l,m c(x l , y m ) ≥ . Thus, for a sufficiently small mesh step-size (i.e., max l h l → ), the following asymptotic bounds on the weak row sums can be computed:
Theorem .
Note that, except corresponding to the main diagonal, all of the weak row element sums are positive and off-diagonal values of the matrix M are non-positive for sufficiently small values of mesh step-size. Since M is irreducible (Theorem .), it follows that the matrix M is monotone, and this completes the proof.
Theorem . The matrix M is monotone if and only if the elements of the inverse matrix
Proof By means of Theorems . and ., one obtains that the matrix M is invertible and 
The matrix-vector norm in the following analysis is taken to be
As a result of combining the above inequalities and equation (.), we obtain 
Comparison of numerical and exact solution values
In order to examine the performance of the quasi-variable mesh compact finite difference method discussed in Section , we consider some examples having parallel and/or normal boundary layers and investigate the nature of solution values. The maximum absolute errors (E ∞ ) and root mean squared errors (E  ) of analytical solution values U l,m and approximate solution values u l,m at the mesh point (x l , y m ) and corresponding numerical convergence order are computed by means of the formulas
The above estimates are obtained using quasi-variable meshes (α =  or β = ) as well as for constant mesh step-size (α =  and β = ). To ease the computational work, we have taken L = M, and Dirichlet's boundary values are received from the known analytic solutions. The Gauss-Seidel iterative method for the solution of linear difference equations uses the tolerance of error as  - [] . Simulations with second-order accurate supraconvergent scheme show slow converging results, and thus they are not mentioned in the tabulated results. The Maple's CodeGeneration tool symbolically obtained the compact schemes, and C programming on the Macintosh operating system performed numerical computing.
Example . ([, ]) Consider the singularly perturbed problems
that possess an analytic solution as U(x, y) = e y-x + ( + y) +/ε / /ε . Given ε =  - , the behavior of the solution changes sharply and can be easily captured by means of the quasivariable mesh compact scheme as presented in Table  .
Example . ([])
Consider the constant coefficients convection-diffusion problem
The analytic solution is taken as U(x, y) = xye xy sin(πx) sin(πy), and thus g(x, y) can be calculated accordingly. The convergence order with η = π , δ = π  is reasonable with coarse quasi-variable meshes, whereas the uniform mesh solution values deteriorate in both order and accuracies as shown in Table  . The analytical solution is U(x, y) = sin(πx) + sin(πx) + cos(πx) + cos(πx). Here, ε = /R e and R e is the Reynolds number. Table  presents the error in solution values from lower to higher Reynolds number ( ≤ R e ≤   ) by using the uniform mesh compact scheme, and the expected computational order of accuracy is not achieved. At the same time, the fourth-order compact method on quasi-variable meshes yields a satisfactory result as shown in Table  .
Concluding remarks
We have proposed a compact finite-difference algorithm for finding fourth-order accurate numerical solution values to the two-dimensional convection-diffusion problems on a rectangular network. Based on the idea of supra-convergence that provides second-order convergence on variable meshes, a new fourth-order convergent method is proposed on quasi-variable meshes, and the application of the new scheme is illustrated with several convection-diffusion problems exhibiting parallel and/or normal boundary layers. The 
